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Chapter—4: Motion in a Plane

18 PROJECTILE MOTION

A projectile is the name given to a body which once thrown upward with some initials velocity moves only
under the effect of gravity alone.

The path followed by the particle is called trajectory.

E.g:- (1) A bullet fired from a rifle.

(ii)- A stone thrown horizontally from the top of a building.

QUESTION 16: What do you mean by principal of physical independence of motions?

In the absence of air a particle projected followed two motions, motion in horizental direction and motion in
vertical direction. Both the motion in horizontal direction & in vertical direction are independent on each
other. This is called principle of physical independence. E,g:- if two balls dropped from the top of a building
one in horizontal direction & one in vertical direction will reach the ground in same time but with different
positions.

19. ASSUMPTION USED IN PROJECTILE MOTION:-
(I)-there is no air resistance on the projectile.

(11)-The effect due to curvature of earth is negligible.

(ii1) The effect due to rotation of earth is negligible.

(iv)The acceleration due to gravity is constant for throughout motion.
20. PROJECTILE GIVEN HORIZONTAL PROJECTION:-

Suppose a body is projected horizontally with initial velocity u from a point O at a certain height h from the
ground. The body is under the mfluence of two simultaneously independent motions.

(1)- Uniform horizontal motion with velocity u.

(11)- Vertically downwards motion with acceleration 4
g. Under the combined effect of these two motions y
body moves along OPA.

(a)TRAJECTORY OF THE PROJECTILE:-

Let after the time t the body reaches the point p (x,
y)-

The horizontal distance covered by the body in t time

4 1q81ay [eonI8)

. X
1S x=ut or t:E

The vertical distance travelled by the body in t time
is given by

1
S=ut+ H at’ v e
Horizontal range R

or, y =)t +>gt’
(initially vertical velocity = 0)
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Or, y=>gt
1 gx2
Or =3 =)
_ .8 _
Or Y =32 K
So y=kx2

This is the eq" of parabola. Hence the particle will follow parabolic path.
(a)TIME OF FLIGHT:-

The time for which a particle or projectile remains in space is called time of flight. Let t be the time of flight.

For the vertical downward motion we have
S=ut +-aT”
Or S=(0)T + 5 gT°
> 2gT> =S
or T=EpR=\\ +v?
g
Or = |~ ( s= height = h)

(b)HORIZONTAL RANGE:-

It is the horizontal distance covered by the projectile during its time of flight. It is equal to OA = R.
R= horizontal velocityx time of flight

So R ‘Z—h—u ,
g

VELOCITY OF THE PROJECTILE AT ANY INSTANT:-
Let v is the velocity of projectile at any instant of time. It may be divided into two components.
(1) Horizontal component v = u

(i1)  Vertical component vy = 0+ gt = gt

So, the resultant velocity at point P is v=yV? +v_f

Or v=\Jul+g?t?

If the velocity v makes an angle  with the horizontal than

_ Vy_gt
tan[i— E_E

> p=tan™( g;t )
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21. PROJECTILE GIVEN ANGULAR PROJECTION:-Projectile fired at an_angle © with the
Horizontal.:-

Suppose a body is projected with initial velocity u making an angle © with the horizontal. This velocity has
two rectangular components

(1) ucosf along horizontal x axis.
(11)  usin 0 along vertical y axis.

Under the combined effect of above two components the body will follow the OAB path. As shown in fig.
EQUATION OF TRAJECTORY OF A PROJECTILE:-

Supose at time t the body reaches the point P (x, y). The horizontal distance covered by the body is
x = Horizontal velocity xtime = ucos 0.t Y

Or t=— A

ucost

Similarly vertical distance covered by the body
in t time 1s

1
S=ut-|--2-at2

5 path of the

1 e
X = projectile

ucosd 2B u2cos?6 WV K

Or y = usin X

y= tan® - 2u?cos?@

P(X;Y) Vx

using

or y = px — qx°

wy jyBiay

wnuime

Which is also a trajectory of parabolic hence
particle given angular projection will follow 0 ¢ Ucos? 2+ B

parabolic path. Horizontal range R
TIME OF MAXIMUM HEIGHT:-

=1

The time taken by the projectile to reach the maximum height is called time of maximum height.
As at the highest point vertical component of the velocity=0
So, 0= u +at = usin 0 — gt

usinf
Or tn= :

TIME OF FLIGHT:-

It is the total time for which a projectile remains in air. Net vertical displacement covered by the projectile
during time of flight= 0.

As S=ut + % at?

0 =usin®. T¢- % g T¢

2usin 0
8

T

Comparing t,, & ty we get Te=2ty
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MAXIMUM HEIGHT OF THE PROJECTILE:-

The maximum vertical distance covered by the projectile is called maximum height of the projectile.
At the vertical height A, vertical component of velocity = 0
So, v2-u? = 2as

O’ u’sin’0 = -2 ghm

_ u?sin?@

Or hn %

HORIZONTAL RANGE (R):-
It is the Horizontal distance travelled by the projectile during its time of flight. So,

Horizontal range = Horizontal velocity x time of flight

2usin O
R =ucos  x——
R = u?(2sinfcos0)
g
2(sin 20 A :
Or R = u(%l (2sinfcosb = sin20)
* Condition for maximum horizontal range
_ u®(sin 26)

As R
g

R will be maximum if sin20=1 = 20 =90° = §=45°

Thus if a projectile fired at 45°will have maximum horizontal range & the maximum horizontal range can be
given as
RN
g
22. TWO ANGLE OF PROJECTION FOR THE SAME HORIZONTAL RANGE:-

The Horizontal range of a projectile projected at an angle 0 with the horizontal with velocity u is given by

L u?(sin20)
g

R

Replacing 0 by 90 = 0 we get

<

u?sin2(90-6)
g

R =

u?sin (180—-260) _ u?sin20) u
g g
Le. R=R

R =

Hence for a given velocity of the projection, a 8
projectile has same horizontal range for the angle of 8
projection 6 & (90 — 0). Its value is maximum 2
for 6=45"

www.vartmaaninstitutesirsa.com 4




SANDEEP SONI’S PHYSICS COMPETITION CLASSES
VA RT M AA N (10+1, 1042, IIT-JEE (Main & Advance), NEET, B.Sc. Agriculture, NDA)
——]|NSTITUTE==== opP: JHUNTHARA DHARAMSHALA NEAR SURKHAB CHOWK, HISSAR ROAD SIRSA
a way to your bright future Unit -2 MOTION IN A STRAIGHT LINE PH-94676-12340

QUESTION 16: A ball is thrown from a field with a speed of 12.0 m/s at an angle of 45° with the horizontal. At
what distance will it hit the field again ? Take g = 10.0 m/s.

2 .
Solution : The horizontal range=R = @ =14.4m Thus, the ball hits the field at 14.4 m from the point of
projection. 0

23. VELOCITY OF PROJECTILE AT ANY INSTANT:-

Suppose the projectile has velocity v at the time t at point P(x,y). The velocity v has two rectangular
components vx & vy,

v =ucosd & v, = usinf - gt

The resultant velocity R= v:'_ +vf_,

v=1/(u cos0)? + (usin® — gt)?

Or v =, u?+g2t? — 2ugt Sind

u sin 6—gt

If the velocity v make angle B with the vertical, then tan 8 % = T Whoso

24. VELOCITY OF THE PROJECTILE AT THE END POINT:-

2usint

At the end of flight T = total time of flight =

L ; 2gin2 i
So the resultant velocity is V = juz-i- g2 % — Zug.zm;#e.smﬁ

usin 6—g b —usidle

Also tan 3 = g = = — tanf
g ucos 0

Or tanf =tan (-6) Or B=-0

Here —ve sign shows that the direction i1s downward. Hence Projectile returns to ground at the same angle at
which it is fired.

QUESTION 17: A football is kicked with a velocity of 20 m/s at an angle of 45° with the horizontal. (a) Find the
time taken by the ball to strike the ground. (b) Find the maximum height it reaches. (c) How far away from the
kick does it hit the ground ? Take g =10 m/s 2.

Solution : (a) The initial velocity has the components u, = (20 ) cos45° = 10v/2 m/s

and  u, = (20)sind5° = 102 m/s.

When the ball reaches the ground, y = 0. Using y = u,t —%gtz = (10\/?)1? —% (10)t? =0
Ort = 2v2s = 2.8s. Thus, it takes 2.8 s for the football to fall on the ground.

2
(a) At the highest point v, = 0. Using the equation v =u’ —2gy =0 = (10v2) —2 x (10)H or, H =
10 m.

Thus, the maximum height reached is 10 m.

(c) The horizontal distance travelled before falling to the ground is x = u,t = (10v2)(2v2) = 40m.
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Scalar and Vectors

25. PHYSICAL QUANTITY

In the study of the two dimensional motion of the physical quantity we need sometime both magnitude and
the direction of the quantity so introduced a new term vector.

A physical quantity may be divided into two types

Scalar Quantity:-

Physical quantities that have only magnitude and no direction are called scalar quantities or scalars. Eg:
mass, time, speed etc.

Vector Quantity:-

Physical quantities that have both magnitude and direction are called wector quantities or vectors. Eg:
displacement, weight, velocity, force etc.

Difference between scalar and vector quantity

Scalar quantity or quantity

1.Scalar quantity have only magnitudes 1. Vector quantity have both magnitude and direction

2.Scalar quantity changes when magnitude of the 2.Vector quantity changes when either magnitude or
quantity changes direction changes

3.Scalar can be added by the ordinary laws of the 3.Vectors can be added by only special laws of
algebra vector addition

25. . Representation of vectors A vector isrepresented by using a straight line with an arrowhead at one
end. The length of the line represents the magnitude of the vector and the arrowhead gives its direction.

=] .
starting point i end point

(tail) AB (head)

26.. Types of vectors

Equal vectors:-Vectors are said to be equal if they have the same magnitude and same direction.

>

[
L

Negative vector A vector having the same magnitude but direction opposite to that of a given vector is
called negative vector of the given vector.

[
L

<4
-

Unit vector A vector whose magnitude is unity (one) is called a unit vector. It is represented as .

I

As fi:|

Unit vector have direction as same as its parent atom.

=

Orthogonal unit vectors:-

three mutually perpendicular vectors f, & k are called orthogonal unit vectors.

||~

- f - y i A
These vectors may be represented as = =.] = |§:=I. k==
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Zero vector or null vector:-

It is a vector, which has zero magnitude and an arbitrary direction. It is represented by_[i .

» When a vector is added to zero vector then we get the same vector as d + 0=d
» When a real number or a vector is multiplied to zero vectors then we get the zero vectors. 0.d = 0
» If A and p are two none zero real numbers then the relation Ad = pb can hold only when both d and b

are zero vectors.
polar vector :-
The vectors which have starting point are called polar vectors like displacement vector, force etc.
Axial vector:-

the vectors which represents the rotational effect and act always along the axis of rotation in accordance
with the right hand screw rule are called axial vector. For example angular velocity, torque, angular
momentum etc.

Position Vector:

The position vector is used to specify the position of a certain body. The position vector of an object is
measured from the origin, in general. Suppose an object is placed in'the space as
shown:

Position vector 7 = xi + yJ + zk

Where, xi= unit vector along x-direction, yJ= unit vector along y-direction

zk= unit vector along z-direction

x

So if an object is at a certain point P (say) at a certain time, its position vector is given as described above.

Displacement Vector:

The change in the position vector of an object is known as the displacement vector. Suppose an object is at
point A at time = 0 and at point B at time = t. The position vectors of the object at point A and at point B are
given as:

Position vectorat point A 73=x;1 + ;] + z,k , A
Position vector at poinit B is T = x,1 +y,] + 2,k
Now, the displacement vector AB of the object will be: .
Tg—T4 = (x2?+y2}’+22§—x1?+y1j+z1§)
0 > X

O Tg—T4=0x,—x)i+(y,—y )]+ (z,—2)k

The displacement of an object can also be defined as the vector distance between the initial point and the
final point. Suppose an object travels from point A to point B in the path shown in the black curve:
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27. Addition of vectors.

a.) When the vectors are in the same direction.

Here the magnitude of the resultant vector is equal to the sum of the magnitudes of the two vectors and
direction is same as that of the two vectors.

> 4+

b.) When the vectors are in opposite directions. Ao 3 L&D 4 "

el |

Here the magnitude of the resultant is the difference in magnitude of the two vectors and the direction is
same as that of the bigger vector.

-
A Scm. B C 4o D A lcm C

c.) When the vectors are inclined at an angle.
When the vectors are inclined at an angle, the sum of vectors can be determined using two methods:

(a) Triangle law of vectors:

“If two vectors are represented by the two sides of a triangle, both in magnitude and in direction, and in
same order, then the third side of the triangle in the reverse order represents. the vector sum of the vectors.”

Le. R=a+b
Magnitude of R

As shown in fig. AB and BC are two vectors taken in the same order and AC is the vector taken in the
opposite order. Now to obtain the magnitude of vector R draw CD
perpendicular to AD then from the triangle ACD

(AC)? = (AD)? + (CD)?
Or (AC)? = (AB + BD)? + (CD)?
Or (AC)? = (AB + BD)? + (CD)? (1)
Now from traingle BCD - = cos@. = BD = BCcosf =b cosd
ch

= =sing = CD'=BCsing = b sinf

" 2 2
Using in equation 1 we get (R)? =.(@ + bcos#) + (b sin6)

Or (R)? a9t (Fcos&)z + 2abcos @ + (Fsin 8)2
Or (R)? = a® +b?*cos?0 + 2ab cos 0 + b%sin?0

Or (R)2 = a®+ b%(cos?0 + sin®0) + 2ab cos 0

Or (R)?> =@a* + b%*+ 2ab cos O

Or R =+a? + b% + 2ab cos 6

Which is the required expression for the magnitude of the R .
Direction of the R.

The direction of the resultant vector can be given by the slope of the resultant or we can say by the tan 5.

CD _ bsiné

As from the diagram tanf = i T

b'sin@

@'+b cos@

Or B = tan"(

)
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QUESTION 18: Two vectors of equal magnitude 5 unit have an angle 60° between them. Find the magnitude
of (a) the sum of the vectors and (b) the difference of the vectors.

Solution (a) A +B is the sum of A and B .Both have a magnitude of5unit and the angle
between them is 60°.

Thus, the magnitude of the sum is |4 + B| = V52 + 52+ 2 X 5 x 5 cos60°
Or |A + B| =2 x5 cos30° = 53 unit.

(b) A- B is the sum of A and (-B ). As shown in the figure, the angle between A and (-B )
is 120°, The magnitudes of both A and (-B) is 5 unit.

So A-B=+v52 +52+2 X 5%5cos120 = 2 X 5c0s60° = 5 unit.

(b) Parallelogram law of vectors.

“If two vectors are represented both in magnitude and in direction by the adjacent sides of a parallelogram,
then the diagonal of the parallelogram starting from the point of intersection of the two vectors represent
the vector sum of the two vectors”.

. . 3  ®
R=a +b
suppose AB and AE are the two vectors representing as the i
two adjacent sides of a parallelogram. AC is the greater | -~ I
diagonal of parallelogram. Now draw CD perpendicular to |
AD. then from the triangle ACD |
(AC)? = (AD)? + (CD)? |
Or (AC)? = (AB + BD)? + (CD)? A = 'B D
Or (AC)? = (AB + BD)*+ (CD)* (1)
Now from traingle BCD =2 = cos@ = BD = BCcosf = b cosf
D

E=5mg = CD'=BCsin6 =b sind

Using in equation 1 we get

(R)? =(a" + Fcose)z +(b sin 8)2

Or (R)2 =(a)? + (FCOSG)Z +2ab cos 0 + (b sin 9)2
Or (R)? = a? +b%cos?0 + 2ab cos 6 + b?sin?0

Or (R)?>. = a* + b?*(cos*6 + sin®6) + 2ab cos #

Or (R)?> =a® + b? + 2abcos b

Or R =+Va? + b% +2abcos @

Which is the required expression for the magnitude of R.

Direction of the R..

The direction of the resultant vector can be given by the slope of the resultant or we can say by the tan .

. CD _ b'sin®
As from the diagram tan = —— = ———

b'sin@
@+b cosd

Or B =tan1(

)
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(c)Polygon law of vector addition:-

According to the polygon law of vector addition, if a number of the vectors
represent the sides of a open polygon taken in same order then their resultant
vector is represented by the closed side of the polygon taken in the opposite
order.

Suppose a polygon OABCDEO. Sides OA, AB,BC ,CD , DE are taken in same
order and side OF_ is taken in opposite order.

Than according to the polygon law of vector addition
OE = 0A + AB+BC+CD+DE
Proof:- Draw OB then apply triangle law in OAB. We get

OB =0A 4+ AB ..o i, (1)
Again from triangle OBC we get 0C = OB +BC
using eq.(1) 0C =0A + AB +BC ......L.........0% (2)
Similarly from OCD 0D = 0C+CD
using eq.(2) 0D =04 + AB + BC + CD wevvvven. . tusss (3)
now from triangle ODE we get OE = 0D + DE
using eq.(3) OE = 0A +AB+BC +CD + DE

28. Scalar Product or Dot product of two vectors:-

Scalar product is defined as the product of the magnitude of two vectors and the cosine of the angle between

them.If A and B are two vectors inclined at an angle 0, then scalar product is given by

A B= m EICOS(a:A Bcos6

V' scalar preduct of twe vectors is always a scalar.
It is commutative, i.e. A.B=B A
It i§ distributive, i.e. A g B+C )= A .B+A . C
ay be given by A. AT:III. m cos0=A".
1.1.cos0 =1
= 1.1.¢c0s90 =0

-

The dot product of 1.1 =
The dot product of Lj=

LA AR
._]
=
[q]
-
i=)
(=]
o]
=
g
=
)
—
o
p—h
o
a
[q']
g
(o]
E—
<
(4]
(¢ ]
—t
=]
=

n B

j
J

suppose A & B are the two vectors, such that A = x;f + y,J + z;k and B = x,1 + y,J + 2,k then there dot

product may be given as
A . B=(xy1 + y1] + 2.k).( x50 + yof + 2,k)
A . B=x,2,0.0 + x,V50.] + %1250 k + V1208 + V1Y) ] + V12o). k + 2026,k 1 + 2,7,k ] + 212,k k

A . B=x1x,0.1+ y1y2].] + 212,k k (ff=f.k=ki=0)
§.§=x1x2 +y1y2, + 212, (E.i=f.j= fé.;(? = 1)
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QUESTION 19: The work done by a force F during a displacement r is given by F » 7. Suppose a force of
12 N acts on a particle in vertically upward direction and the particle is displaced through 2.0 m in vertically
downward direction. Find the work done by the force during this displacement.

Solution : The angle between displacement r and the force F is 180°.

Thus, the work doneis W = F o7 = Fr cos6° = (12)(2.0)(cos180°) = — 24 Nm =— 24.

QUESTION 20: The vector A hasa magnitude of 5 unit, B hasa magnitude of 6 unit and the cross product
of A and has a magnitude of 15 unit. Find the angle between Aand B.

Solution : If the angle between Aand B is 9, the cross product will have a magnitude / AxB I = AB siné
1
Or 15 =5 x 65in8° or, sinf = -3 Thus, 6 = 30%or, 150°

Question21: suppose 4 & B are the two vectors, such that 4 = 3i — 2j'+ 2k and B = 2i + 4j + 3k
then obtain there dot product .

Question22 : suppose A & B are the two mutually perpendicular vectors, such that A=3i- 2j + 2k
and B = 2i + 4j + nk then obtain value of n .

29. Vector Product of two vectors or Cross Product of twe vectors:-

Vector product is defined as the product of the magnitude of the twe vectors and the sine of the angle
between them. If A and B are two vectors inclined at an angle 6, then vector product is given by
A x B =A] |Blsin 0% = ABsin0 7

The direction of vector product is given by unit vector i perpendicular to the plane containing A and B.
Properties of cross products:-

V' cross product of two vectors is always.a vector.
It is not commutative, i.e. 4 x B=—B x A
It is distributive, i.e. A X ( B+C)=A x B+A x C
The cross product of two identical vector may be given by A x A=|A| |A| c0s90=0.

The cross product of iXi=]xf=kxk=1x1.c0590 =0
The cross product of ixf=fxk=kxi=1x1.cos0=1

LR K K

cross product in term of Cartesian coordinate system

suppose A & B are the two vectors, such that A= x,0+ y,]+ z;k and B = x50+ y,f + 2,k then there
cross product may be given as

A% B=(x1i + y,] + 2, k) x (220 + o] + 25k)

Ax B=x126,0 X T+ x;V20 X J+ 02,0 X K+ yi202] X T+ y195] X ]+ V2] X k4 2030,k % T+ 2,9,k X | + 2,2,k x k
AxB=x,y,0 X J 42,20 X kb 4y102f X P43z Xk + 200,k x i+ 2k x] (ixi=jxj=kxk=0)
Asweknow (Ixj=kjxk=1kxi=j&jxi=—k kxj=-1, ixk=-})
So A x B=x,y,K 4+x12, (—)) +y1%2(=K) +y12,1 + 2, %] + 21y, (1)
Or A xB=(y12; — 2,Y2)i + (24X; — X122) j + (Xq¥2 — ¥1X2)K
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30. Rectangular components of a vector.

The process of breaking one vector into two or more vectors is called resolution and the vectors so obtained

are called components of the vector. "

Consider a vector R inclined to x axis at an angle 6. If K, andR, are the component
of Vector R along x axis and y axis then by parallelogram law

— — — — & — % RfHSiHE R=RK+ R"/
R=Ry F Ry v svemmmen (1) here Ry =Ry and Ry = R]j /
So R=Ryi+Ryjeerreererrcnenennn(2) £ .
F=Rcos8 g
Also R, = RcosH .............(3) andR, =Rsin@ ..............(4)
Then R = ReosBi + Rsinbj

—

R = R(cosBi + sin0j)
Or R = (cosOi + sinBj)
Squaring and adding eqn (3) & (4) we get

_R',{2 - _R'y2= R?cos?0 + R%sin?B = R?

4 —_ 2 = 2 . -
So R=_|R, +R, And cosb = ERA and sin® = ERi
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